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Abstract. Toward P.-L. Lions’ open question in [22] concerning the propagation of regular¬ 
ity for density patch, we establish the global existence of solutions to the 2-D inhomogeneous 
incompressible Navier-Stokes system with initial density given by (1 — ? 7 )lno -I- Ing for some 
small enough constant rj and some domain flo, and with initial vorticity belonging 

to n U’ and with appropriate tangential regularities. Furthermore, we prove that the 
regularity of the domain flo is preserved by time evolution. 
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1. Introduction 

We consider the following inhomogeneous incompressible Navier-Stokes equations in two 
space dimension: 

dtp + div {pv) = 0, (t, x) G x 

dt{pv) + div(/9t; ®v) — Av + Vvr = 0, 
div V = 0, 

{p,v)\t=o = {po,vo) 

where p G u G and vr G M stand for the density, velocity field and pressure of the fluid, 
respectively. The above system describes a fluid that is incompressible but has nonconstant 
density. Basic examples are mixture of incompressible and non reactant flows, flows with 
complex structure (e.g. blood flow or model of rivers), fluids containing a melted substance, 
etc. 

A lot of recent works have been dedicated to the mathematical study of the above system. 
Global weak solutions with finite energy have been constructed by J. Simon in [24] (see also 
the book by P.-L. Lions [22] for the variable viscosity case). In the case of smooth data with no 
vacuum, the existence of strong unique solutions goes back to the work of O. Ladyzhenskaya 
and V. Solonnikov in [20]. More recently, R. Danchin [13] established the well-posedness of 
the above system in the whole space in the so-called critical functional framework for 
small perturbations of some positive constant density. The basic idea is to use functional 
spaces (or norms) that have the same scaling invariance as (1.1), namely 

[p, V, 7r)(t, x) 1 —^ {p, Xv, X^tt){XH, Ax), {po, vo)(a^) '—S' {po, Xvo){Xx). 

More precisely, in [13], global well-posedness was established assuming that for some small 
enough constant c, one has 

||P 0 — l|l d + Ikoll -l+d < C. 


( 1 . 1 ) 
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Above -Bp stands for a homogeneous Besov space on . This result was extended to 

more general Besov spaces by H. Abidi in [1], and by H. Abidi and M. Paicu in [2], and to 
more general smallness condition by the second author and M. Paicu in [23]. The smallness 
assumption on the initial density was removed recently in [3, 4], 

. i 

Given that in all those works the density has to be at least in the Besov space Bp,oo(R‘^), 
one cannot capture discontinuities across an hypersurface. In effect, the Besov regularity of 

the characteristic function of a smooth domain is only Bp^oo(R^)- Therefore, those results do 
not apply to a mixture of two fluids with different densities. 

In [14], R. Danchin and P. Mucha proved the global existence and uniqueness of solutions 
to (1.1) for any data (poi ^o) such that for some p € [1, 2d\ and small enough constant c, there 
holds 


( 1 . 2 ) 


-II 


. - 1 +^ 



< c. 


Above, II • II denotes the mu/tip/iernorm associated to the Besov space B ’’(R'^), 

which turns out to be finite for characteristic functions of domains whenever p > d — 1. 
Therefore, initial densities with a discontinuity across an interface may be considered (al¬ 
though the jump has to be small owing to (1.2)). In fact, even po is only bounded and 
bounded away from zero, J. Huang, M. Paicu and the second author in [19] could solve the 
global existence of solutions to (1.1) in a critical functional framework, and uniqueness was 
obtained if assuming slightly more regularity for the velocity field. A half space setting of 
this problem was solved by R. Danchin and the second author lately in [15]. 

A natural question to ask is whether it is still possible to propagate higher order regularities 
of the interface of the fluids. Especially, P.-L. Lions proposed the following open question in 
[22]; suppose the initial density pQ = Id for some smooth domain B, Theorem 2.1 of [22] 
yields at least one global weak solution (p, u) of (1.1) such that for all t > 0, p{t) = lD{t) for 
some set D{t) with vol(B(t)) = vol(B). Then whether or not the regularity of D is preserved 
by the time evolution. Since this problem is very sophisticated due to the appearance of 
vacuum, as a first step toward this question, here we aim at solving the global well-posedness 
of (1.1) with the initial density po{x) = (1—r/)lQg-|-lQg for some simply connected IT^+^’P(R^) 
domain Hq and r] being sufficiently small. 

More precisely, let Hq be a simply connected IT^+^’P, for k > I, p g] 2, 4[, bounded domain. 
Let /o G kL^+^’P(R^) such that 5Ho = /o"^({0}) and V/o does not vanish on clHo. Then we 
can parametrize dflQ as 


(1.3) 70 : 5^ dQo via s 7 o(s) with dsjo{s) = V-^/o(7o(s)). 


We take the initial density po and the initial vorticity coq of (1.1) as follows 
(1.4) ^0 = (1 - and wq G B^(R^) with d^Xo^o G 

for some e g]0, 1[, £ = 0, • • • ,k, and Xq = V-*-/o, OxqOJq '=^ Xq ■ Va;o. 

The main motivation for us to solve the above problem comes from [8, 9, 10, 11]. Let 
us mention that by using the idea of conormal distributions or striated distributions, J.-Y. 
Chemin [9, 10] (see also [6]) proved the global regularities for the vortex patch problem of 
2-D incompressible Euler system. One may also check the following papers as extensions of 
the results established in [9, 10]; P. Gamblin and X. Saint Raymond [16] and the second 
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author and Q. Qiu [25] for the 3-D extensions, and R. Danchin [12] and T. Hmidi [17, 18] for 
the viscous extensions. We mention that the tools in [8, 9, 10, 11] will play an essential role 
in this paper. 

The main result of this paper states as follows: 

Theorem 1.1. Let the initial data {po,vo) be given by (1.4) for t] sufficiently small. Then 

(1.1) has a unique global solution {p, v) so that p{t, x) = (1 — -|- lQ(i)c for some simply 

connected domain Ll{t). 

Remark 1.1. For Dq given by (1.3), it is easy to observe that 5^^1oq(x) = 0 for any 
i G {I,-- - ,k}. Hence in particular, Theorem 1.1 ensures the global well-posedness of (1.1) 
with initial density pQ = {1 — ?7)lr2o + Ifig initial vorticity ojq = InQ(x). Furthermore, the 
geometric structure of Dq will be persisted for all time. 

Remark 1.2. (1) Compared with the vector field method in [8, 9, 10, 11], here new diffi¬ 

culties arise due to the non-commutative property of the vector field with the viscosity 
term and the estimate of the pressure function. 

(2) Furthermore due to the transport equation of the density function in (1.1), the esti¬ 
mate of the pressure function is more subtle than that in [12, 17, 18]. 

(3) Technically since we shall use the maximal regularity estimate for evolutionary Stokes 
operator, we shall use striated distributions in the framework of the Sobolev space, 
W^'P, which is of Triebel-Lizorkin type space, yet the striated distributions in the 
previous papers are in the framework of Besov type spaces. 

2. Basic facts on Littlewood-Paley analysis 

For the convenience of the reader, we recall some basic facts on Littlewood-Paley theory, 
and one may check Chapter 2 of [5] for more details. Let us briefly explain how it may be 
built in the case x G (see e.g. [5]). Let X:T be smooth functions supported in the ball 

^ G j < |} and the ring C G | < < |} respectively, such that 

^ = 1 for ^ 7 ^ 0 and x(0 + = 1 for ^ G M"*. 

jez j>o 

Then for u G 5'(M'^), we set 

Vj G Z, AjU = ip{2~^ D)u and Sju = D)u, 

(^•1) Vj G N, AjU = (p{2~^ D)u, A_iu = xiD)u and SjU = Aj/u. 

The dyadic blocks satishes the property of almost orthogonality; 

(2.2) AfcAjU = 0 if \k — j\ > 2 and Ak{Sj-iuAju) = 0 if JA: —jl>5. 

We hrst recall the dehnition of homogeneous Besov spaces. 

Definition 2.1. Let (p, r) G [1, -|-oo]^, s G M and u G 5^(M'^), which means that u is in 5'(M'^) 
and satisfies lim jjS'jujjioo = 0. We set 

j->—co 

(2^^\\Aju\\lp)\\^^. 

• For s < ^ (or s = ^ if r = 1), we define R® (M'^) G RTM'^) I \\u\\jSs < oo|. 


U 


del 
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• Jf /c G N and ^ + k < s < ^ + k + 1 (or s = ^ + k + 1 if r = 1), then is 

defined as the subset of distributions u G such that d^u G whenever 

\/3\ = k. 

We also need the following version of Bernstein Lemma: 

Lemma 2.1. Let B be a ball and C a ring of . A constant C exists so that for any positive 
real number X, any non negative integer k, any smooth homogeneous function a of degree m, 
and any couple of real numbers (a, b) with b > a > 1, there hold 

Supp u c XB ^ sup < C^~^^X^~^‘^^a~bl\\u\\La, 

\oi\=k 

Supp u c XC ^ C~^~^X^\\u\\l<^ < sup ||5 "u||lo < C^~^^X^\\u\\l<^, 

(2.3) |o|=fc 

Supp u <Z XC ^ \\a{D)u\\]^b < llullia 

Supp u <Z XC ^ < Ce~’^^ *||u||x,a. 

Finally let us recall Bony’s decomposition in the inhomogeneous context from [7]: 

(2.4) uv = TuV + TvU + R{u,v), 
where 

TuV Sj-iuAjV, R{u, v) AjuAjV with Ajv 

jez jez \j'-j\<i 

We sometime will also use Bony’s decomposition in homogeneous context. 

3. Ideas of the proof and structure of the paper 

Because we shall consider only perturbations of the reference density 1, it is natural to set 
a l/p — 1 so that System (1.1) translates into 

dta + V ■ Va = 0 {t, x) G M"'' x 

,oi\ + u • Vu + (1 + a)(V7r - An) = 0, 

div u = 0, 

(a,u)|t=o = (ao,uo). 

Before proceeding, let us recall the striated distribution spaces with respect to the vector 
field X from [8, 9]: 

k 

(3.2) CUX,k) {/ g C'^(r2) I Wff^X dj ^ ||(r^.^)^/||^_,, < +oo}, u G M*\{1}, 

e=o 

where Tab denotes the para-product of 6 by a (see (2.4)). And we call a vector field X is 
S, /c-regular if 

(3.3) < oo, with 6 G]0, 1[ and kS < 1. 

However as in [15, 19], the functional framework in this work for solving (3.1) is motivated by 
classical maximal regularity estimates for the evolutionary Stokes system, so that it is more 
natural to introduce the striated distribution space in the framework of Sobolev space 

(3.4) W^'P{X,k) {/ g W^’P(m2) I 1/1^;^'= ‘^MY^\\{Tx.yYf\\ws-^s„ < +oo}. 

£=0 
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Corresponding to (3.4), we also define 


=^{ / G 


1(5,X “ 


K 

< +oo|- 


Here and in all that follows, we always denote dxf = X ■'V f. We shall prove in Lemma 7.2 
below that the function spaces k) and yV^’^(X,k) are the same provided that the 

vector field X is S, A:-regular, s ^\k5, 1[ or s ^]k5 — 1,1[ if divX = 0. 

We shall first prove the following more general result: 

Theorem 3.1. Let p g]2,4[, let Xq = {Xq,Xq) and (ao,vo) satisfy divXo = 0, S^^^Xq G 
dx^ao G for £ G {1, • • • , k} and oq G vq G >V^)^(Xo, k) for some e g]0, 1[. Then 
there exists a positive constant cq so that whenever ||ao||L°o < cq, there exists a divergence 
free vector field X{t) which satisfies 

.ofiN j dtX + vX = X-Xv, 

^ I X(0,x) = Xo(x), 

^ -^Sc for £ e {1, ■ ■ ■ , k}, and (3.1) has a unique global solution (a, v) with 

^x'^W T’/{L^)r\L'‘/{ lp) 

+ + \\dt(^x ^l”/{ w^,v) + W^x 

for f G {0, • • • , A:} (with the convention: dx^X =^0j. Here and in all that follows, we always 
denote r£, S£ to he any numbers with G ] 1, [ and •Sf G ] 2, || [, and TL£{t),f = 0, • • • ,k, 

to be positive increasing functions oft which depend on the initial data, r£,S£, and which 
may change from line to line. 

As an application of the above theorem, we consider the propagation of the boundary 
regularity for the 2-D density patch’s problem of (1.1). 

Theorem 3.2. Let the initial data {po,vo) be given by (1.4) for rj sufEciently small. Then 
(1.1) has a unique global solution {p,v) so that p{t,x) = (1 —-|- lQ(t)c for some 
simply connected domain Ll(t), which is determined by the level surface of f £ 

L^^ (M+; so that with X =^V-*“/, there holds (3.7). 

It is easy to observe that Theorem 1.1 is a direct consequence of Theorem 3.2. 

As an illustration to the main idea of the proof to Theorem 3.2, we first sketch the proof 
of Theorem 3.2 for the case k = 1 hy assuming Theorem 3.1. 

• Sketch of the proof of Theorem 3.2 for k = 1. Let i/:(t, •) be the flow associated with the 
velocity vector field v, that is 

( 3 , 8 ) / =v{t,'il){t,x)), 

y ^(0, x) = X. 

Then by virtue of Theorem 3.1, one has 

V>(L-)-IdGLi“ (M+;W2-P), 

and hence TL(t) '=^ '0(f, Dq) is a domain. Moreover, it follows from the transport equation 
of (1.1) that 

(3-9) /9(f,x) = (1-r?)lf^(i) + lQ(t)c. 
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Next we are going to prove that Q{t) is of class As a matter of fact, let dQ{t) be the 

level surface of Then / solves 

r dtf + v-vf = o, 

1 /(0,x) = /o(x), 

which implies that X{t,x) V^f{t,x) solves (3.6). Thus it follows from (3.6) and (3.8) 
that 

(3.10) X{t,'ip{t,x)) = 

Moreover, due to divAg = 0 = divu, one has 

(3.11) div A + u • div A = 0 with divAo = 0, 

Hence div A(t) = 0, and according to Theorem 3.1, we have 

AgLi- (M+;1 T2’P). 

It is easy to observe that A G (A^); and 

djdj[X^{t,il){t,x))) =didj'ip{t,x) ■'VX^{t,'ip{t,x)) 

+ idii;^dji;){t,x):X^X^{t,i;{t,x))eLZ{^'^;LP). 

Therefore we deduce from (3.10) that 

(3.12) a,(iA(t,7o(5))) = Ao(7o(s))^^^^^^^ = A(t,V’(t,7o(s))) G Lg', (M+ ; IT^’^), 
that is, ll(t) is of class 

Let us now present the proof of Theorem 3.2 by assuming Theorem 3.1. 

Proof of Theorem 3.2. In view of (1.4), we observe that Aq G /c > 1, divAo = 0, 

and moreover 

(3.13) 4o«o = 0, a^-/Ao G ^ i = l,---,k. 

Since p > 2 and Vuq = VV-’-A“^cjo, for any integer N, it follows from Lemma 2.1 that 

II^^oIIlp < ||A,-Vuo||ii + ^ 2 -^'||VA,-uo||lp 

j<N 

Choosing the best integer N in the above inequality so that 

r,N ||<^o||lp 

leads to 

Iklll. <C||a,„||5^|K||f^. 

As Vuo = VV-*“A“^ Wo G L^, we achieve 

(3.14) \\vo\\ivi,p < C\\uo\\Li-nLP- 
Moreover, we claim the following striated regularity for vq 

(3.15) < c\uo\Xx, for any ^e]0,l[. 
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which will be proved in Section 7. 

Thanks to (3.13) and (3.15), we deduce from Theorem 3.1 that with initial data (ao,uo) 
given by (1.4), (3.1) has a unique solution {a,v) satisfying (3.7). Furthermore, due to Xq = 
V-’“/o, it follows from a similar derivation of (3.12) that 

dsWt,lo{s))) = d^-^{{dxoi^){t,-fo{s))) =■■■ = {dxoi^)it,-fo{s)), VA: > 1. 

Hence in order to show that 5H(t) = '0(t,7o(9Ho))) G it suffices to prove that 

^Xo'^ ^ -^iS: (fd^^’^); which is equivalent to show that G (VF^’^*). Indeed, it follows 

from (3.8) and (3.6) that 

X{t,x) = {dxo'ip){t,'ip~^{t,x)), 

and hence 

{dxX){t,x) = {dxo'tp)it,'ip~^it,x)) ■ V'ip~\t,x) ■ {Vdxo'tp)it,i^~^it,x)) 

= Xo{t,'ip~\t,x)) ■ {Vij){t,'tp~\t,x)) ■Vij~^{t,x) ■ {Vdxo'tp)it,i^~^it,x)) 

= Xo{t,'ip~\t,x)) ■ {Vdxo'tp)it,'ip~^{t,x)) 

= idxo'^)it,'^~\t,x)). 

The same arguments yield that 

(3.16) {d’^~^X){t,x) = VA:>1, 

which implies G (IF^’^) if d^^X G T(^^(IF^’P). And hence by virtue of (3.7), we 

conclude that dQ.{t) G VF^"*"^’^. This completes the proof of Theorem 3.2. □ 

The structure of the paper is organized as follows: 

Section 4, Section 5 and Section 6 are devoted to the proof of Theorem 3.1: Section 4 is 
devoted to the proof of the Estimate (3.7) for £ = 0; in Section 5 we prove the Estimate (3.7) 
for the case £ = 1; and in Section 6 we first derive the Estimate (3.7) for the general case 
£ = 2, • • • ,k, and then Theorem 3.1 will be proved at the end. 

We concentrate on the proof of (3.15) in Section 7 and the appendix will be devoted to the 
proofs of Lemma 7.1 and Lemma 7.2. 

Let us complete this section with the notations we are going to use in this context. 
Notations: denotes the classical Holder space, IF^’^ stands for the Sobolev space with 

norm given by ||/||vu'>’r '=^ Wi^d — A) 2 f\\ip. We denote [A;i?] = AB — BA the commutator 
of A and B. For X a Banach space and I an interval of M, we denote by L'^(/; X) the set of 
measurable functions on I with values in X, such that t i—)■ ||/(t)||x belongs to For 

a < 6, we mean that there is a uniform constant C, which may be different on different lines, 
such that a < Cb. 


4. The preliminary estimates 

In this section, we shall prove the Estimate (3.7) for = 0, which will be based on the 
energy estimate of the System (1.1). 


Lemma 4.1. Let p g] 2,4[, r g]1, 2[, s g]2, oo] and q G ] Let vq G IF^’^ and viit) = 

e^^VQ. Then there holds 

(4.1) \\Avl\\l]:{Lp) + ||^'^l|L|(Lp) + II^^l|Il«(L2p) < C\\vo\\y/l,p. 
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Proof. Since p G]2,4[, by virtue of Theorem 2.41 of [5], we have vq G Bpp n Bpp, 

where Bp ^ denotes the homogeneous Besov space (see Definition 2.1). Hence according to 
Theorem 2.34 of [5] (the definition of Besov spaces with negative indices through heat kernel) 
that 

||t2"pAe*^uo||^P(^p) < C\\Avo\\b-1 < C\\vo\\wi,P, 

< C\\Avo\\^-2 < C||uo||iyi,p, 

so that for any r g]1 , 2[ and t > 0, one has 


(4.2) 


IIl^(]0,4A1[) 

II , llt"(^"p)ll 

LP(]tAl,dx R2) Ir llL’'(]tAl,t[) 

<C\\vQ\\y/i,p, 


\Ae —11^^ ^o|lLP(] 0 ,iAl[xR 2 )ll^ 


where r = and we used the fact that r(^ — i) < 1, r(l — i) > 1 for any r g]1 , 2[. 
Along the same line, one has 

||t2-pVe*^uo||^P(^p) < C||Vuo||b-i < C\\vo\\lv, 

so that we have 


Ve*'^uo||L|(LP) <||t^ 


’ Ve 


iA 


+ Ve*^uo 


^o||LP(]tAl,t[x R2) Ik llL»(]tAl,d) 

4]0,tAl[;LD - C'dl^olliP + IIVuoIIlp), 


where s = and s(^ 
||Vuo||lp, ensures that 


|) > 1 for any s G]2,p[. This together with the fact; Ve*^uo ~ 


(4.3) ||Ve*^uo||L|(LP) < C'lluolIvyi.P VsG]2,oo]. 

._i ._i_i ._i ._i_i 

Finally it follows from Lemma 2.1 that Vuq G B 2 p^p ^ 2 pp ^ ^ ^ 2 p\p ^ 2 p 2 p ■ Then we 

deduce from Theorem 2.34 of [5] that 

||Ve*'^Uo||^5(^2p) ^||^e*'^^o||2,2p(]o,iAl[;L2p) + lk^^^*'^'^o||^2pQj^^t[.i2p)|k HL'JGtAPd) 


(4.4) 


<c(||Vuo||._i +||Vuo||._i.i) 

^2p,2p ^2p,2p 


< C'lbollu/Lp, 


q = and we used the fact that | > 1 for any q satisfying q G ] 2p[. 

By summing up (4.2), (4.3) and (4.4), we achieve (4.1). 


□ 


Proposition 4.1. Let p g]2,4[, uq G and po satisfy 

(4.5) Po — 1 £ L^, m < Po < M. 


Let {p, v) he a smooth enough solution of (1.1) on [0, T], Then there exists a positive constant, 
C, which depends on m,M, ||po — 1 ||l2 and ||uo||wLp so that 

(4.6) \\{v - VL){t)\\l 2 + \\^{v -vl)\\12(^p^2) <C(l+t2)(^"p)exp(C(l + t)5) =^h(t) 

for any t <T. 
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Proof. We first deduce from (1.1) and (4.5) that 


(4.7) 


\\p{t, •) - 1||l2 = IIt’o - 1||l2, m < p{t, x) < M. 


Let us set v{t) 
(4.8) 


= v{t) — VL{t). Then in view of (1.1), we write 
pdfV + pv ■ Vu — Av + Vtt = — pdtVL — Avl — pv ■ Vvl 

= - {p- l)dtVL - pv ■ VVL- 


Taking inner product of the above equation with v and using the transport equation of 
(1.1), we get 

^ II'^^WIIl2 = -{ip-l)dtVL I - [pv-VvL I u)^2. 

By applying the 2-D interpolation inequality that 

(4.10) II/IIl, < C||/||| 2 ||V/||^;" for V q g]2,oo[, 

and Young’s inequality, we obtain 

|((p- l)dtVL I u),2| <||p- 1 ||l2||Aul||lp||u|| 2p 

' '' ' y Lp^ 

<c(iipo-i|ii2iiAuiii^;"^)" 

X (llAuLll^pllullia) (llVullia)'’ 

— ^Il^'^lli2 + ^*(^11/50 — l|li2 ||Aul||^p ^ -I-IIAuill^p 1171112^, 

for any r g]1 , 2[. 

Whereas it is easy to observe that 

\{pv-VvL I u),2 | yCIIVulIIlpIIuIP 2p 

<C||Vul||lp||u||^1 '""V^I||2 

<^l|Vu||i2+C||Vui||£^ 11711^2. 


In order the deal with the last term in (4.9), we need to use the claim that 
(4.11) ||wl®^^l|| § < C'lluollip for VpG]2,4[. 

W iK p ) 

2'^ 

We admit this inequality for the time being and continue to handle the last term in (4.9). 
Since p g] 2,4[, we have 

Kpul-Vul I v)j^2\ AII^.’l ®'yL|li/l||ll||L2 


<C[ \\VL ® VL 


P 

I ^ 

o P 


Hh + \\VL 


VL 


2-E 

r ^ 


Substituting the above estimates into (4.9) gives rise to 
d 


(4.12) 


dt 


\\Vpm\h + iiviiiii2 < c{h{t)\\^m\l2 + /2(t)), 
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where /i (t), /2 (t) are defined by 

fi{t) = \\AvLit)\\lp + ||Vi;L(t)||£”^ + \\vL <8) vlW^i ^, 


f2{t) = \\AvL{t)\\lp ® forrG]l,2[. 

-D_ 77 


By applying Lemma 4.1 and (4.11), we achieve 


2p 


||i;oirvpi-+ / l|Vi;L(tOll£p^^^iTVi + ll^'o|lip 


( IlfollwCp + 


wtp^+\M\lp), 

and since p g] 2,4[, r G]1,2[, we have 2 — £]1,2[ and 


2 r(p-2) 


4—p 


f2{t') dt'<C\\vo\\lyi,p^ \\vL(^VL{t')r^, ^dt'j ^ p) 

r(p-2) ! 


, 2 -- 


Therefore by applying Gronwall’s inequality to (4.12), we obtain (4.6). 
Let us now turn to the proof of (4.11). 


□ 


Proof of (4.11). We first get, by applying Bony’s decomposition (2.4) in the homogeneous 
context to vl 0 vl, that 


VL®VL = 2t^^VL + RivL, Vl)- 


Due to vq G Bpp and p g] 2,4[, we deduce from Lemma 2.1 that 


\\Sj'-iVL\\ ^ < 




e<j'-2 




LP 


and 


\ApVL\ 


iA 


Lf {LP) 


< lie *A,/uo|| p ^ cp p2 p 


LP, 


from which, we infer 

||Aj(T;^i;z,) 


1^5,S 

* li'-il<4 ‘ ^ 


if {LP) 




2 < r p9~^ 

LP A CjEZ 


2 

LP, 


li'-il<4 

where {cj^p) denotes a unit generic element of t'^’(Z). 
Whereas by applying Lemma 2.1 once again, one has 


AjR{vL,VL)\\^^^^^^<2^ ^p ||Aj/ 


VL\\_P,. ^\AjiVL\\L'^{LP) 


j'>j -3 


ii-^) 


<‘2^ 


<CjE2 ^ 


Y1 


'L?{LP) 


I|2 


LP 


r>j-3 
2 

LP- 
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This proves (4.11). 

Lemma 4.2. For any r g]1, 2[ and p g] 1, oo[, one has 

(4.13) 2r + f 

Jo (LP) Jo 


□ 


< 


L^(L2p) 


Lrp{LP)i 


for q given by J = J - J{l - . 

.s a matter of fac 

Vg(t-t')Aj(^/) ^ 


q r 2 V p> 

Proof. As a matter of fact, note that 


x-y 


(47r(t - 2{t - 

del 


exp 




i(t-t') 

Then applying Young’s inequality and then Hardy’s inequality leads to 


Vgd-i')A j(^/) 


< 


Lf^(LP) 


< 


it-try\f{t')\\Lpdt' 


Llj.{LP)i 


and 


Vg(i-i')A^(^/) 

3 

This proves (4.13). 


Lf(L2p) 


< 


Jo 


Lf 


< 


L-piP)- 


□ 


Proposition 4.2. Let r,a be any numbers so that r G]1,2[ and a G Then under 

the assumptions of Proposition 4.1, if we assume moreover that ||ao||L°o is sufficiently small, 
there holds 


(4.14) 


del. 


Jo = 1 + ||(9iU,Au,V7r)||i.(ip) + ||Vu|| ^ 

Lf(L-)nLf^(LP) 


+ 




(L°°) 


+ II-^IIl^(iulp) < TLoit)- 


Proof. We divide the proof of this proposition into the following steps: 

• The estimate of ||(9(U, Au, V7r)||ir(iP) 

We first rewrite the momentum equation of (3.1) as 

v{t) = e*^vo + j u • Vu + oAu — (1 + a)V7r^ (t') df'. 

For any A > 0, we set 

(4.15) f{t)'^=h{t)\\l 2 p and vx{t)'^= v{t) exp{-X f f{t')dt'). 

Jo 

Then v\ solve 

(4.16) v\{f) = e^^vo^\ + J e~^Jt'-^^^'J'^^”e^^~^J^(^—v-Vvx + aAvx — il + a)VTrx^{t')dt'. 

Whereas by taking space divergence to the momentum equation of (3.1), one has 

(4.17) Attx = — div(u • Vua) + div(a(AuA — Vtta)), 
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from which and ||ao||Loo is sufficiently small, we infer 

(4.18) ||V7rA(t)||LP < Cdlu • Vi;A(t)||LP + ||ao||L°o||AuA(t)||Lp). 

In view of (4.16), we get, by applying maximal regularity estimate to heat semigroup (see 
Theorem 7.3 of [21] for instance), and the Estimates (4.1), (4.13) and (4.18), that 

IIAuaIIlj'(lp) + + ||Vua|| ^ 

<\\^Vl\\li(Lv) + \\dtVL\\Ll(Lv) + I|Vul|| ^ + ||Vul||^9(-£,2p) 


\h 


+ (l + ||a(0ll^oo)||V7r(0ll£.)dt' 


Wi,p + IkoIlL” ||Aua||lj'(Lp) 

+ . Vua(OIIlp 

where | = y ~ ^(l ~ and thus q G ] Hence whenever ||ao||Loo is sufficiently small, 

we obtain 


<cf||uo||wi,P + f 


Whereas due to4 = 4 + ^(l — 4),itis easy to observe that 


g-Ar//,/(l'')rfi"||^ • VuA(t')llLP dt' 


Vin\\l2: dt'] ||VuA||i|(L2p) 


(J 

< P-1 I|V^a||l9(L2p). 

A 2p 

As a consequence, we obtain 


(4.19) 


II^^a||l[(Lp) + ||(9l'l^)AllLn.f-’’) ■*" ^ +II^^a|Il«(l2p) 

i^p) 

<C'[||uo||rvi.p H —— 


Then in view of (4.15), by taking A to be sufficiently large in (4.19), we achieve 

e~^do (^WAvWlt^^lp) + WdtvWirf^LP) + \\Vv\\ ^ + \Nv\\^(^I^2p■^) 

i^p) 

^ II'^^aIIl^(Lp) + II (^t'i^)AllLJ'(LP) + I|Vua|| ^ + ||Vi;a||2,|(2,2p) < ClluolIvyUp. 

i^p) 
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While it follows from (4.6) and v = v + vl that 

\\v\\^l < r(||h(0llL2p + ||i;i(0llL2p)^dt' 

Lf^(L^p) 4o ^ ^ 

2 2 

<c{h^{t)+t\\vo\\h\\^vo\\P) < noit), 

so that we obtain 

II^'^IIlJ'(Lp) + \\dtv\\Ll(LP) + \\'^'>^\\ ^ + II^^IIl|(L2p) 

(4.20) 

lyi.p < Tio{t). 

This together with (4.18) ensures that 

(4.21) \\'^'^\\LiiLP)<c(\\v\\ ^ l|Vu||i|(i2p) + ||Au||ir(^p)) < ^o(t)- 


Moreover, there holds 

(4.22) ||Vu|| 22 . <C||Vu||'“i \\Av\\l.^,.<no{t) forVrG]l,2[. 

^2(p+r)-pr LJ^{LP) ^ 

It is easy to observe that when r varies from 1 to 2, we have a = 2 [p+r)-pr ^ 

• The estimate of ||u|| 2 r 

In view of (4.8), we get by a similar derivation of (4.16) that 
hA(t) = -J^ /(i")rft"e(*-*')^p((/5 - l){dtv + dtVL)x + pv • Vua + pv • Vu^^a) {t') dt', 

where P Id—div denotes the Leray projection operator to the divergence free vector 
space. Then applying the maximal regularity estimate to heat semi-group and Lemma 4.2 
yields 


ll^'yA||L[(LP) + II ||Vua|| ^ 

<C'(||(p - l)((9tu)A||LJ'(LP) + ||(/5 - 'i-)dtVL\\mLP)) 

+ c(^J^ . VuA(t')ll£p + 11^ • VuL,A(tOllLp) dt^\ 

By using Sobolev embedding Theorem, one has 

11^^ • Vua(0IIlp < C||u(OllL2p||VuA(tOlll;i|AuA(t')lli, 
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SO that thanks to (4.15), we get, by applying Holder’s inequality, that 






<C / e“p 


||Vi;,(t')irL. dt'Y + -||Ai;,(t')||LHL.) 


M /// / (i”) dt" \\,,(f'\\\pY fjf! 


<C( e r-ih'A \\v{t')\\l2p dt'j ||Vi;A(tOll ^ + j\\^Vx{t')\\L-{LP) 

A 2 L^{LV) 4 ' 

Along the same line, we have 

^ A2 4 

As a consequence, we obtain 

II^'I^aIIlj'(lp) + \\{dtv) xWmip) + 

<c(\\po-l\\L<=°\\{dtv)YLiiLp)-\ -tIIV^lII ^ H-tII^^aII ^ )• 

V ' ' A2 ‘ A2 Lj=^{Lpy 

Therefore, by virtue of (4.1), by taking A large enough and ||po ~ to be sufficiently 

small, we achieve 

II^'WaIIlolp) + II (9th). ||x,r(£,p) + IIVuaII ^ < C'||uo||vpi,p- 

) /A ty ) Lf^{LP) 


This in particular implies 




Lt (LP) 

from which, (4.6) and the interpolation inequality that 


we infer 


(4.23) 


L»<C||/||lF'>||V/||l^^ 


|h|| ^ <c||h||FF l|Vhf‘F) <cno{t). 

Lj=~-{Ly Lf=^{LP) 


While it is easy to notice that 

1 _ 2 2 

ll'^L IIl^(I/°°) a ^*11112^ II II Vui < C||uO lliyi.p, 

this together with (4.23) ensures that 


(4.24) 


|i;|| 2r < C7io{t). 
Lf^ (L°°) 


• The estimate of ||A||t;^^(^yi,p) 

Finally, as X satisfies (3.6), it follows from standard theory on transport equation and 
(4.22) that 

( 4 . 25 ) ||-^(t)||LPnL°° < ||A'o||LPnL°° exp(^y ||Vi;(t')||L” 
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(4.26) 


< 


By taking di,i = 1,2, to (3.6), we get 

dtdiX + V ■ VdiX + div -V X = diX-Vv + X ■ VdiV, 
from which, we get, by applying standard IX type energy estimate, that 

^\\XX{t)\\LP < 2||Vr;(t)|Uc.||VX(t)|Up + ||X(t)|Uo. 
at 

Applying Gronwall’s inequality and using (4.22), (4.25) yields 

||VX(t)|Up <(||VXo||lp + WXWl^^l^^WvMlUlp)) exp(2 / ||Vu(OI|l- dt') 

J 0 

\lp + ||Xo||loo ||V^u||j;^l (Lp))exp(^3 J ||Vu(t')||L°° 

This completes the proof of (4.14) and hence the proposition. □ 

5. The estimates of Adxv, dtdxv, Vdxv 

In this section, we investigate the estimates of Adxv,dtdxv,Xdxv under the striated 
regularity assumption of the initial data: 

(5.1) G G G £ G ]0,1[, = 1, • • • , A:. 

Lemma 5.1. Let G ] 1, and •Sf G ]2, || [. Then under the assumption of (5.1), one 

has 


Proof. Since dx^^vo G ^ BppDBp^p'" , so that VOx^vq G BppCiBpJ and Aclxo'^^o G 

• -l-^s 

B~p n Bp^p ^ . And therefore, according to Theorem 2.34 of [5], we infer 


< 


(5.3) 




LP(]0,tAl[x 

_(l_i 
V P 


ll,^C(]0,tAl[) 


+ \\t FAe* d^xM\Lri]tAi,tlx^^)\\* 
<C'(||A9xo'Vo|L_l-|e + W^^XoMIbXJ - 


Xe{]tAl,t[) 


R 

^p,p 


where re = and we used the fact that ^^(^(l + fe) — k) < 1, re[l — v) > 1 for any 

Similarly, one has 


Ve 


tA^e 


(5.4) 


<C{^VdAvoL.i. + l|V 9 i„uob- 2 ) < 


B 

^p,p 


where se = and we used the fact that se^ “ p) > “ p) < ^ ^ If [• 

Combining (5.3) with (5.4), we obtain (5.2). □ 
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Proposition 5.1. Let ri,si be any numbers with ri G si G ]2, Then under 

the assumptions of Proposition 4.2 and (5.1), one has 

■h =^Jo + ||9xa||i,oo(^oo) + \\{dtdxv,Adxv,VdxTT)\\^ri^j;^p-^ 

+ II^4-^IIl®1(H/Lp) + \\^\\l^{W^’P) < 'Hii't)- 

Proof. We decompose the proof of this proposition into the following steps: 

• The estimate of dxa and AX 

For £ = 1, - ■ ■ ,k, it follows from the transport equation of (3.1) and (3.6) that [dx] = 0 
for 01 “^ dt + V - V and thus 

(5.6) dtdx(^ + ^ ■ Vtl^a = 0, 
which implies 

(5.7) ll^i:«llL^(L°°) < II^Xo^oIIl^- 
While we get, by applying the operator A to (3.6), that 

2 

dtAX + V ■ VAX + 2^diV VdiX + AvVX = Adxv. 

i=l 

By using the standard energy estimate to the above equation and interpolation inequality 
that 

(5.8) ||/||l-<||/||.| <C||/||l;"||V/||i for VpG]2,oo[, 
we obtain 

j^\\AX{t)\\Lp <2\\Vv{t)\\L^\\V^X{t)\\LP + ||Au(t)|Up||VA(t)||ioo + \\AdxvmLp 

<c{\\Vvm'Lph\^v{t)\\i\\AX{t)\\LP 

+ ||Ai;(t)||Lp||VX(f)||^;^||AA(t)||i + \\Adxv{t)\\Lp) 

<c((||Vu(t)|U. + ||Au(t)||i.)||AX(t)|U. 

+ ||Au(t)||Lp||VX(t)|Up + \\Adxv{t)\\Lp). 

Applying Gronwall’s inequality and using (4.14) leads to 

||AX(t)||i:,p ^C^^IIAAoIIlp + ||Au||^i(£,p)||VA||icx)(-£^p) + ||Ac1xi’|Il1(lp)^ 

X exp(^C'(||Vu||ii(iP) + ||Au||ii(ip))) 

<C'Hi{t)[l + ||Ac1xi’|Il1(z,p)). 

• The estimates of Adxv and VdxT^ 
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We first get, by applying dx to the momentum equation of (1.1), that 

dtdxv + V ■ Vdxv — (1 + a) [Adxv — Vdxn) 


(5.10) 


2 

= dxa{Av — Vtt) — (1 + a) ^[A; dx\v — ^ VX'^diT^ Fi{v, vr). 

i=l 


Taking space divergence to (5.10) gives 

div ((1 + a)VdxT^) = div {—dt{dxv) — v ■ Vdxv + Adxv + aAdxv + Fi). 
Due to div v = 0 = div X, and 


one has 


2 

[A; dx]f = AX-Vf + 2Y,diX- Vdd, 

i=l 


—divdt{dxv) = —div [dtX ■ Vu + X ■ Vdtv) 

= —div [dtX ■ Vu) — div [dtv ■ VA), 

and 


div AdXV = div ([A; + div (dxAv) 

2 

= div (AA • Vu) + 2 ^ div {diX ■ Vdiv) + div (Au • VA). 

i=l 

Therefore, one achieves 

div ((1 + a)Xdx'7^) = — div (dfX ■ Vu) — div (v ■ Xdxv) + div ^dxa{Av — Vtt) 
(5.11) -{dtv-Av)-VX-2aVX :V^v 

+ (1 + a)VA • Vtt^ — div (oAA • Vu) + div (aAdxv), 
from which, and ||a||L°o is sufficiently small, we infer 

\\^dx7r{t)\\Lv < \\dtX • Vv{t)\\LP + ||u • Vdxv{t)\\LP 

+ II {dtv, Av, Vtt) (t) ll^p II (VA, dxa) (t) || ^oo 
+ ||Vu(f)||i;,oo ||AA(t)||j;,p + llaollioo ||A9x'P(i)||LP. 

For any ri G ] 1,let us take ai,a 2 G ]^,p[, 7’oi,ro2,ro3 G]1,oo], soi,so 2 G]2,oo[, and 
ro G]1, 2[ so that 

1111 111111 

— —- 1 - 1 -—- 1 - 1 -—- 1 - 1 -. 

ri roi (T 1 SOI 502 (72 S02 7’02 ro 

Then by virtue of (4.14) and the equation for A (3.6), we write 

\\dtX ■ Vr||in(^p) + ||r • 

<\\dtX (g) + \\v (g) VA (g) _g ||^ (g, X (g) 

^ 1111 L)oi (L°°) 11 11 Ur ('C'”) 11 11'C't 
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Therefore, taking into account (5.7), we obtain 

< + ||VX||^^(^oo)) + ||ao||L°o||A9x'i^|li:,p(^p) 

+ 


+ 


(5.12) 


0 


‘iiv«(*')iri‘»iiAx((')iri*'pi 


Similarly it follows that 


(5.13) 


+ IIVAI 


L-(L-) 


1^ + 




<n,{t){l + \\VX\\L^^L-)) + ||Vi;(t')ir^l|AA(t')irLWt7^ 

On the other hand, in view of (5.10), we write 

(5.14) dxv{t) = e^^dxoVQ + f ■ Vdxv + aAdxv — {1 + a)VdxTr + Fi){t') dt', 

Jo 

from which, (5.2) and maximal regularity estimate for heat semi-group, we infer 

<II^Xo^^o||p^i-f,P + c[\\Pi\\l1^lp) + 11^ • 

+ lkllLf=(L°°)l|Aclxr’||2,D(Lp) + (l + l|o||Lf’(L°°)) II^^.Y'^IIlD(Lp)) ' 

Hence by virtue of (5.12) and (5.13), we get, by taking ||ao||L°° to be sufficiently small, that 

\\dtdxv\\^n + \\Adxv\\^ri(^^p^ 

(5.15) .ft .X 

+ c(| \\Vv{t'WLU\^x{t')\\2pdt'^^^ 

Resuming the above estimate into (5.9) and using (5.8) gives rise to 


lAA 




lAAl 


L“(LP) 


) 


+ Ct^ d( / \\Vv{t')\\lU\AX{t')\\2pdt 


p'MPl 


1 , 


<n^{t) + ^\\Axu^(^LP) + ct^~^t[i^ \\vv{t')\\iu\^x{t')\\i^dt' 


+01 m D 


which gives 


lAA 


Q^iLp) < ^i(ir + Cf^-^ ||Vi;(f0ll2oo||AA(t')||?p dt'. 
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Applying Gronwall’s inequality and using (4.14) gives 

(5.16) < n{t)e^p(cf^-^ l|Vu(t')|lL'oo dt'^ < ^i(t). 

This together with (5.15) and (5.12) ensures that 

(5-17) l|9t^Y'y|lLD(LP) + ||A5xu||^>;i(^p) + ||Vclxvr||^j'i(^p) < ^i(t). 

• The estimate of Vdxv and dtX 

It is easy to observe that for any si G ] 2, ^ [, there holds ri = G ] 1, [. Hence in 

view of (4.13), (5.2) and (5.14), we get 

||V5xu||^U(^p) <\\dxoVo\\^i-j,,p + C'(||7^i|Il;;i(lp) + 11^^ • 

+ \\a\\L'^{L'=^)\\^dxv\\ifi + (l + ll«llG“(L“))l|V^Y7r||in(^p)^. 

which together with (5.17) implies that 

l|V<9xu||^ji(^p) < 7^i(t), and 

(5.18) 1_2 2 

2r 2r 

Whereas since Vu G {LP) for all r g] 1,2[, one has dxv G (LP) and 

(5.19) Wdxvhl ^ L ^) < < n ,{ t ). 

Moreover, it follows from (3.6) that 

- \\'^\\L‘PiL°^)\\'^^\\Lf‘{LP) + WdxvWinf^Lp) < Ui{t), 

and 

II^^<^IIlJ1(Lp) ~ 11^^ ® ^^\\l‘‘P-(Lp) + 11'^ ® V + ||V(9xI^|l2,Ji(LP) 

< ni { t ). 

This yields 

This together with (5.16-5.19) leads to (5.5). □ 

6. The proof of Theorem 3.1 

Recalling the definitions of Jq, Ji given by (4.14) and (5.5) respectively, in general for ^>2 
and any G ] 1, ^ If [’ define Ji{t) as follows 

( 6 . 1 ) 

+ II^^X^IlL;RLoo)nL;RL!>) + -b ||5^^X||ioc(^2,p). 

Then Theorem 3.1 essentially follows from the following proposition: 

Proposition 6.1. Under the assumptions of Proposition 5.1, one has 
(6.2) Jeit)<ni{t), V£ = 2,---,fe. 

Its proof will depend on the following three lemmas: 



20 


X. LIAO AND P. ZHANG 


Lemma 6.1. For any ££{!,■■ ■ , A:}, G ] 1, [, and S£ G ] 2, we have 

Ilaivaj-A - + ||8iv4-x - 

+ \\dkV»'x-‘x- + Wdl.atd'x'X- < 4+‘. 

When i ^ i, one has 

l|8xV4-- - V8iHlL;<-.,i»,nL:'-(L.) + 

+ ||85,v 4-V - + ||8i8,8i-^ - 8,8i^||^.,_,,„, < J«, 

and in the case when i = i, there holds 


\\a‘xVv - Vdiv + d'^-‘VX ■ < Jfj 

II^Ai; - • Vi; + 2d^£^VX : < 4+1 

ll^Vvr - V^vr + < 4+1 

p^xdtv - dtd^xv + d^^dtX • < 4+1 


Remark 6.1. It follows from (6.3), (6.4) and (6.5) that 


( 6 . 6 ) 


and 

(6.7) 


||a3,v9^-*A|U^(ioo) + \\di,vd4^xu^^w^„y 

+ \\d^v^d4^xu^^Ln + < 44, 


Proof. It is easy to observe that 

\\dxVX - VaxAlli^(ioo) + \\dxVX - V5xA||i^(H/i,p) 

+ WdxV^X - V^dxXU^^Lv) + WdxdtX - dtdxXW^s^.^y^.,,,^ 

< C'||VX||x,oo(^yl,p)(||VX||x,oo(^l,p) + ||9tX||^n(^yl,p)) < jf. 

This shows that (6.3) holds for £. = 1. And (6.4) and (6.5) hold trivially for £ = 1. And hence 
Lemma 6.1 holds for A: = 1. 

Let us now assume that (6.3-6.7) hold for .A < j — 1 for j < k. We are going to prove that 
(6.3-6.5) also hold for i = j, which also implies (6.6) and (6.7) for i = j. As a matter of fact, 
it follows from a trivial calculation that for i < j — 1, 


df+Wd^^-^ = ^4cf + E df^[dx,V]dx'"~4 

m=0 

i 

= - E • vc>^-™-V) 

m=0 
i m 

= -EE V, 

m=0 n=0 
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from which and the induction assumptions, we infer 


- vdlx 


i m 




( 6 . 8 ) 


< 


||5^VX 


T irx ''^Y 




Y^'- \\Lf‘(W^’P) 


m=0 n=0 
i m 

< jn+l jj-n ^ 0+1 

~ ^ ^ ^n+1 ^j—n ~ ^j 


m=0 n=0 

By the same manner, it also easy to observe that for i < j — 1, 

9y^ v2]5^-”^-V 

m=0 

1 

= V^d{f - d^{X^X ■ V^“”^"V + 2VX • v2a^"™“V) 

m=0 

2 m 

= V^/- E E 


m=0 n=0 


i-nv72Aj'-™-l 


+ 25J(VX) • 

This together with the inductive assumptions ensures that 

II^Y 

2 m 

(6.9) < E 


m=0 n=0 


Finally notice that 

m=0 

= dtd^xf - E 

m=0 
2 m 

= dtd^xf -EE V, 

m=0 n=0 

which together with the inductive assumptions ensures that 


ri+i 


dY^t^x ^ dtdi^X 


( 6 . 10 ) 


< 

rv_/ 


EEc™IISx8 YI 


L7(IULp)II'^Y ''^y 




Il^(IULp) 


< 


m=0 22=0 

(6.8) together with (6.9) and (6.10) shows that (6.3) holds for I = j. 
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Exactly by the same manner, and using the fact that for any rj G ]l, [, there exist 

•Sn+i G]2,^^^^[and sj-n-i £ ]2, [, n = 0, • • • ,j-l such that 

1 1 1 

— —- 1 -) 

^n+l Sj—n—1 

we can also prove that (6.4) and (6.5) holds for i = j. This completes the proof of Lemma 
6 . 1 . □ 

Before proceeding, let us take the operator <9^^ to (5.10) to get 

(6.11) dtdxv + V ■ Vdxv — {I + a)[AdxV— Vdx'n') = F£{v,7r), Vt" = 2, • • • , A:, 
where F£{v,7r) can be inductively defined as 

(6.12) Feiv,?:) = Fi{d^x-^v,d^x-^7r) + dxF£_i{v,7i:), £>2. 

Lemma 6.2. For £ = 2, ■ ■ ■ ,k and for all G ] 1, [, there holds 

(6.13) 

Proof. In view of (6.12), one gets, by induction, that 

e-i 

F£{v,tt) = Fi{d^x^v,d^£^7r) + dxFe_i{v,TT) = ^ ( 93 ^ 1 ;, 93 ^ 71 ), 

i=0 

which along with the definition of Fi given by (5.10), we write 
e-i 

Fe{v, tt) = ^ d^x"-^ (dxa{Ad\v - Vd^n) 
i=0 

- (1 + a) {2VX -.V^d^v-VX- Vd^x^ + AX • Vd^v) ). 

Correspondingly F^ reads 
£-1l-\-i 

i=Q n=0 

i—l—i—n 

-28J(l+a) Q”i_i_„85VX : 

m=0 
t—l—i—n 

+ 8J(l + a) 

m=0 
l—l—i—n 

-8J(l + a) ^ C,”i_._„85AA.8i-‘"””"”V8ii') 

m=0 

^Mpl + Ff + Ff + F^. 


<4-1 + JoWd^Xo^^ohriL-) + (^*(||Vn(t')ir^||A5^-iX(t')||) 


+ + ||V7r(OH?p)||V937^X(tOH?oc ) dt 
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It is easy to observe that 


i=l n=0 
£-2 


+ - Vvr) + dj^a (Av - Vvr), 


n=0 


from which and Lemma 6.1, we infer 
\\F}-d^xa{Av-VTi)\\^n.^^^^^ 


£-1 £-l-i 


sE E 


i=l n=0 


£-2 


+ EG-ire+L||i«,i«,||ai-'-”(Ai,-V>r)||^r,_.,„,< Jff. 


n=0 


By the same manner, we also have 

\\F^ + 2(1 + a)4-iVX : + ||F| - (1 + a)d^^^VX • V7r||^.,_i 


(If) 


+ ||F/ + (1 + a)9i->AJf . < JE" 


As a consequence, we conclude 

F^(u,7r)-aj^a(Ar;-V tt) + (1 + a) (25^-^VA : 

- • Vtt + S^-^AA • Vu) 


(6.14) 


L?-\LV) 


< f+^ 


which ensures (6.13) thanks to (4.14), (5.7) and (6.3). This completes the proof of Lemma 

6 . 2 . □ 


We also need the following estimate for the pressure function. 

Lemma 6.3. For (. = 2, - ■ ■ ,k and G ] 1, [, one has 

II^^A:^llLt^(LP) ^ Ji-1 F Jo\\dxo'^o\\L^{L°°) + I|oo||l°° IIA^X^IIlCTLp) 

(6.15) + (^Vo||L-||Vu(t')ir^||A4-iA(Ol|L. 

+ \\{v Vv{t'),Avit'),V7r{t'))\\% IIA(t')ll^co dt') ^. 

Proof. Motivated by (4.17) and (5.11), we assume that verifies 

div((l + a)V(9^^7r) = divG^-i. 

As div A = 0, we have 

dx div/ = div(5x/) - div(/ • VA), 

so that we have 

div((l + a)V9^7r) = div^clxG^-i — Cf-i • VA — dxaVd^^^Tr 

+ (1 + a)(V5^-V • VA + VA • V5^-V)) div 


(6.16) 
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Let US assume by induction that for 0<i<j<£ — 1, 

(6^17) 

It is easy to observe from (6.16) that 

= 4 {dxGi-i-j - • VX - axaV^-^-^'vr 

+ (1 + a) • VX + VX • . 


We shall decompose the estimate of with 0 < i < j < i into the following cases: 

(1) 0<i<j — 2. It follows from the inductive assumption (6.17) and Remark 6.1 

that for 0 < i < j < £ — 2, 

if moreover i < j, 

0<m<i 

^ T^+l+m—j ji-m+1 ^ j£+2+i—j 

rvo '^£-1 ^ i - m +1 ~ "'£-1 f 

< 






WdxidxaVd^j^^ ^7r)\\^r,_, < ^ \\d^+^a\\L^(L^)\\o\^ 

* 0<m<i 




(LP) 


< T ji+i-m-j ^ ji+l+i-j 

~ oNo '^£-1 ) 

and 

83r((l + o)V8i-'-’rr®Vx)||^.,_.^^^^ 

E l|8x(l +a)lll?=(L»)l|8JV857'-^,r||^o_,,„,||8j 


< 

rsj 


-m-nyx\ 




0<m<2 

0 <n< 2 —m 




Hence we obtain 


||4 G£_,-when 0<i<j<i-2. 
(2) 0<i = j<i — 2. We first deduce from case (1) that 

4 G£_i = a^+'G£_i_i + with < 4 + 1 . 

Along this line, we can show that 

(6.18) 53,G£_, = + 4 with < Jti- 

This shows that 

||53,G£_,-a4'Gi||^.._i(^,)<4+2 for i = o,---£-2, 

with 


Gi = dxGo - Go • VX - axaVvr + (1 + a)(V7r • VX + VX • Vtt), 
Go = —V ■ Vu + aAv. 
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Noticing that 

+ Go • + a^aVTT 

(6.19) -{l + a){V^-d^^^VX + (f-^VX-Vn)) 

Wd^x^o + dx^ -Xv + v- d^x'^v - - ad^x^'>^\\L/-\LP) ~ 4-i > 

and 

\\v ■Xdxv\\L^^t(^LP) < \\v\\Ll{L°°){\\XX\\L^(^Lp)\\Xd^x^v\\^re-i(^j^oc) 

+ \\^\\L^iL-°)\\^d^X^v\\^re-i^^p^), 

where s g] 2 , oo[ so that ^ 7 know that 

l|S5fO«-.lli;.,L.| < 4 *""^ 

(3) j = £ — 1, 0 < i < £ — 2. Note that when j = I — 1, 

G£_i_j = Go = —V ■ Xv + aAn, X(fx^~^TT = Vvr 

by the same arguments as in the case 0<i<j<i — 2 one obtains also the estimate 
\\dxGi-j \\for the case 0<i<i — 2, j = i — 1. 

(4) j = i, 0 < i < i — 1. In this case, there holds 

(5) i = j = — 1 or i = J = £. As in the case when 0<i = j<i — 2, one has 

II^a: ^^^\\^.^{ lp)i ll^i:G'o|li;,^<!(iP) ^ ■ 

To conclude, we have arrived at the following for 0<i<j<i<k: 

and hence (6.17) follows by induction. 

Thanks to (6.17), (6.18) and (6.19), we infer 

IIG^ — d^aAv — ad^Av + Go • + d^aXn 

-(1 + a)(V 7 r • d^x~"XX+d^x~"XX • Vvr) < Jtl 

We apply (6.5) to deal with the term [dxAv; Adx'^] and (6.3) to the term [(f£^XX]X(fx^X]. 
Then (6.15) follows from (6.16) and (6.20). 

□ 

We now turn to the proof of Proposition 6.1. 

Proof of Proposition 6.1. • The estimates of dtdx^,Ad^x'^ Xdx'^ 

As in the previous sections, we reformulate (6.11) as 

d^^v{t) = e^^d^xo^o + r e(*-*')^F£(tO dt' with 

Jo 

Fg —V ■ XdxV + aAdxV — (1 + a)XdxTT + Fg{v, tt), 


( 6 . 21 ) 
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from which and (5.2), we infer 


(6-22) + \\IS.dx'^\\L'^^[LP) — ^(ll^i:o^o||^i_|e,p + 

Note that for any G there exist (Ti,iT 2 G]2,oo[ and r£_i G ] 1, ^ 

12, ttxt' \ so that ;^ = — + -2— = — + -2—. Then it follows from Remark 6.1 that 
J ’ (r-l)£ L ri ai ' s^_i (T2 r^-l 

+ ll^llLP(L“)II^IUrR“)II^^^X~^^llL;^-i(LP) ~ 4-1- 

Resuming the above estimate, the Estimates (6.13) and (6.15) into (6.22) and taking ||ao||Loo 
to be sufficiently small, we deduce from the maximal regularity estimate to the heat semi¬ 
group that 


(6.23) 


ll^i^A^^llL^RLP) + + W^Q^xAlI^^Lv) < ^^(t) + C(^ / (||V2u(tO 

^ 0 


ILP 


+ liv>r(f')ll?, + (1 + Ilt>(«')lli.)’’'livt.(t')lll'~)l|vi)i-A(t')|i;i„,„ dt 




• The estimates of Ad^ 

We first get, by applying the operator 5^^ to (3.6), that 

dtd^£^X + V ■ Vd^x^X = d^xv, 

from which, we deduce, by using IX type energy estimate and (5.5), that 

\\dx ^X{t)\\LP ^II^^q^WqIIlp -I- \\dxAL\{LP) 

<I|5^-/Xo||lp + \\x\\Lf^(L^)\\vd^xA\Lim < 4-1 

and 

\\Vd4^X{t)\\LP <||va^-/Xo||LP+ j\\\Vv{t')\\LA\^d4^X{t')\\LP 

Jo 

+ \\XX{t')\\LA\^d4A{t')\\LP + \\X{t’)\\LA^^d4A{t')\\Lp) dt'. 

Applying Gronwall’s inequality and using (5.5), we obtain 

WXd^^xh^^LP) <(||v4-;xo|Up + ||vx||i»(ioo)||v4-iu||ii(^,) 

+ ll^llLf=(L-)l|V^5^"^u||ii(ip)) exp(||Vu||ii(i»)) < j/+^^exp(CJo). 

This gives 

(6.24) ^ '^A)- 

By the same manner, noting that 

dtXd^^X + V ■ XAd^^X = -Av ■ Xd^^X - 2Xv : X'^d^^X + 


we get, by using type energy estimate, that 

\\Ad4^X{t)\\LP <||Aa^-/Ao|Up+ j\\\Av{t')\\Lp\\Xd4^X{t')\\L<^ 

Jo 

+ 2||Vu(0llL->||V2a^-iA(0l|Lp + ||A4u(0llLp)dt'. 
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Using (5.8) and then applying Gronwall’s inequality, we achieve 

||A5^ <^||A9^^^Xo||lp + ||V9^ + \\^dxv\\L\{Lp'^ 

(6-25) X exp(^C'(||Vu||^i(^oo) + ||Au||^i(iP))) 

+ ||A9js^u||^i(2,p)). 

Substituting (6.23) into (6.25) gives rise to 

\\Aa‘£'x{t)U, < ni{t) + n,{t)[l\\\VMt')\\% + \\vr{t')\\% 

+ (1 + IK0l&)llvi<0irA)IIA4-‘x(0l&*')=i, 

Taking th power to the above inequality and then applying Gronwall’s inequality yields 

||A5^^A||ioo(^p) < 

which together with (6.23) and (6.24) ensures that 

(6.26) \\dtdx'’^\\L^‘{Lp) + + W^x ^^WLf^iW^’P) < ^r(^)- 

Correspondingly for S£ determined by ^ ^ we have 

(b-27) \\^^X'^\\Ll’/{L°°)r\L‘’/{LP)~^ ^WL^/iVV^’P) — ^^(^)- 

This completes the proof of Proposition 6.1. □ 

Finally we are in a position to complete the proof of Theorem 3.1. 

Proof of Theorem 3.1. In order to complete the proof of Theorem 3.1, we first mollify the 
initial data to be (po,n, 'i’o,n, -^o,n) so that according to [22], (1.1) has a unique global solution 
{Pn-, Vn, Xn) and then repeating the proofs of Proposition 4.2, Proposition 5.1 and Proposition 
6.1 to show that the approximate solutions {pn, Vn,Xn) satisfies the uniform estimates (4.14), 
(5.5) and (6.2). Finally a standard compactness argument as that in [11] can be applied 
to prove the limit {p,v,X) of such approximate solutions satisfies the required estimate of 
Theorem 3.1. Since the velocity field v G (M“'";Lip), the uniqueness of such solutions can 
be proved by using Lagrangian formulation of (1.1) as that in [14, 19]. We omit the details 
here. □ 


7. The proof of (3.15) 

The goal of this section is to present the proof of (3.15). Similar to Section 2.2 of [8], we 
define the product operator Rg as follows 


(7.1) 



where h G (^([O, I]™ x M^;5(M^)), fj G L°°([0,1]™) and /j(r) / 0 for r g]0, 1[™', and there 
exists a nonnegative function H{t,r) G G([0,1]™; L^), which is non-increasing with respect 
to r variable so that 


(7.2) 


\h{i,y)\ < H{t, [y]). 
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We also recall the definition of the maximal function to a function / from [5] 


def 1 


V X G Mf{x) = sup 


>0 


\f{y)\dy. 


Lemma 7.1. Let X be aS, k—regular vector field (see (3.3) ) and Uj satisfy suppdj C i?(0, 2*?), 
for j = 1, • • • ,m. Then for any i < k, there exist integers 7 n(Aj) such that 

\{Tx.\/YRq{ai, - ■ ■ ,am)\ 

n,\\\<t ’ ’ 

Here and in what follows, A < B means that there exists a positive constant C which depends 
on so that A < CB. 

With the above lemma, similar to Theorem 2.2.1 of [8], Theorem 3.2.2 of [9] and Lemma 
2.2 of [25], we have 

Lemma 7.2. If the vector field X is 6, k—regular, let the striated norms || • | • \g’x^ and 

I ■ Ws’x^ given respectively by (3.2), (3.4) and (3.5). Then the following statements hold 
for all i < k: 

(I) if suppv, suppw C 5(0,2'?), then there exist integers 7 n(Ai), so that 
(7.4) \{TxxY{vw)\< 

n,Ai+A2<<? 

(II) for any smooth function 9 with compact support in an annulus C, one has 
\\{Tx.vY0{2-m)wUoo < 2 '?(^' 5 -'^)|| u ;||^;^, 

||(Tx.v)^^'(2“'^5)u;||loo < ^ 2'?^^“'^^^||(rx.v)'^w?||L°°; 


and there exist integers 7 n(A) so that 

||(2’<-“>(rx-v)'9(2-«0)u.)p|„4_, < \w\yg, 

o<n,x<e 

(III) let 7 ;(^) be smooth S'™ Fourier-multiplier with — -^™x(C) ^or j^j > M, then 


llx(^)w' 


\a—m,£ ^ II iicr,£ 

l5,X ^ ll???ll5,X 


, and 


(IV) We also have the following estimates for the paraproduct and the remainder term to 
the Bony’s decomposition: 


(7.8) < \\v\\l]^ \\w\(Yx < 0> \\Tvw\\l'^^ < (||u||loo + ||u|| \\w\\l'^^ , 




(7.9) \T^w\lYx^’‘^ < \\v\\l'^x ??■ < 0> < (||u||loo + ||u||°;;^) 


or for any e > 0, 


(7.10) < \Yl’Sc \\M\Y-x s < < (||u||u/^,P + 
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and for cji + <72 > f5, one has 

(V) If a G]i5, 1[ (or a g]M — 1,1[ if divX = Oj, then one 
(7.12) WMls’x ^ \\9x ^ and . 

0<i<l 

The proofs of Lemma 7.1 and Lemma 7.2 will be postponed to the Appendix A. We 
mention that the main difference between the proof here and that in [8, 9, 25] is that the 
Sobolev space is of Triebel-Lizorkin type space, which is not of Besov type spaces as in 
the previous papers. 

We now present the proof of (3.15). 

Proof of (3.15). It is easy to observe from (3.15) and (7.12) that it suffices to prove 

(7-13) \^XoVo\l/lxt^ ^ - C{\\u!o\\LinLP + 

As a matter of fact, in view of (3.13) and p > 2, we have 

Xq G CI~^{Xq, k — 1), for any 6 g] 0, 1[ with 5k < 1. 

In particular, this gives 

(7.14) Xq G k-l) for any e g]0, 1[. 

1, lei < 1, 

0, lei > 2, 


While for any smooth cut-off function ^(0 ~ | o' >2 ’ deduce from (3.13) and 

(3.14) that 

(7.15) \dx,aD)vQ\l-^/}f-^ < CllcuolliinLp. 

So it remains to estimate dxo{Id — C(dl))V-'“A“^ti;o. Indeed applying Bony’s decomposition 
gives 

dx,{Id-C{D))X^A-^ujo = Tx,.x{Id-C{D))X^A-^ujo 

+ 7v(7d-c(D))v-LA-i(.Jo ■ ^0 + di{Xo, V {Id - C{D))X-^A ^(^o)- 

Applying (7.7) gives 

Applying (7.10) and the property (7.14) with 0 < e' < e yields 

\rp -y- |1 £/k,p,k 1 ^ I— ^^lk,p,k —111 -y- 111— z'jk^k —1 

Mv(/d-x(i?))V-LA-ia;o ' ^^\e/KXo - ^\^^\e/k,Xo W^^We/k^Xo 

^ ^l^^lz/k^Xo \\^^\\£'/k,Xo • 

Finally applying (7.11) and then using (7.7) leads to 

<c|v(H - c(d))vA-g„|»;X‘ii.^»iiL'xA' 

This in turn shows that 

\8xAId - C(D))VJ-A-G„|‘-'/X‘'' ^ 
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which together with (7.15) gives rise to (7.13). 


Appendix A. The proofs of Lemma 7.1 and Lemma 7.2 
In this appendix we shall present the proofs of Lemma 7.1 and Lemma 7.2. 

Proof of Lemma 7.1. We first prove (7.3) for 7 = 0. In this case, according to (7.1) and (7.2), 
for any i G {1, • • • m }, we have 

m r r 

(A.l) \Rg{ai,--- ,am)\ < IT ||aj||L“ / / \ai{x + fi{T)2~‘^y)\H{T,\y\) dy dr. 

Yet similar to the proof of Proposition 1.16 of [5], for any r g] 0, 1[, one has 

f \ai{x +fi{T)2~^y)\H{T,\y\)dy 

./r2 

/ 99 \ 2 /•°° / 29r \ r 

^(tTs) / ^V^TTs) / \aiix-y)\dar{y)dr 


< — TT 


? n 2 roo , 2^r \ f 

W / / \ai{x - y)\dar{y) dr 

21 \ 3 / 2ir \ f 

ml I AM 

/ 29 \ 3 /■°° / 2lr \ o 

(/T)) * 


=M{ai){x)\\H{T, JWli. 

Substituting the above estimate into (A.l) shows that (7.5) holds for 7 = 0. 

Inductively, we assume that (7.3), which implies (7.4), and (7.6), which we shall prove late, 
hold for 7 < /c — 1, we are going to prove that (7.3) holds for 7 + 1. Note for +i(^) = 
one has 29i(^]^(2“9i+)) = V, which gives (see also the Appendix of [8]) 

Tx.wRq{oii7 • • • , a m) 

= ^ 2‘?iY,,_iA-^i(2-''iZl)i?,(ai,--- ,a™) 

qi<q+No 

= 29i(5,i_iA-5,_iA)-(/P i(2-9171)7?,(ai,... ,a^) 

qi<q+No 

m 

+ Y1 2''i(5,_iA-Y g,_iA) •^7?,(ai,--- ,¥Pi(2-‘?i71)a,v ,a™) 

qi<q+No j=l 

m 

+ ,V+(2-9i71)a,v ,a^) 

qi<q+No j=l 

4^1 pi _i_ p2 I p3 

- Ky + Ky + Kg. 

It follows from the inductive assumption, (7.4), that 

\{Tx.^YRI\< E 2''i2''^4^-<^i-"2)||(Tx.v)^T^gi-i^-V i^)IU- 


qi<q+No 

ni,£i+£2<i 


X M^"i(^2)((rx.v)^Vi(2"‘''7?)i?g(ai,--- ,a„^)). 
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For qi < q, applying (7.5) and using assumption that 1 — k5 > 0 yields 

q-2 

\\{Tx.wf^{S,,-iX-S,-iX)\\L^< ^ \\{Tx.xtX,,X\\L^ 

(?2=gi-l 

q-2 

^ / y ll5,Y 

<?2=gi-i 

^ ll5,Y 

Along the same line for qi G [?, 9 + iVo], there holds the same estimate for ||(Tx.v)^^ (5'qi-i-A — 

Whereas applying (7.6) and then the inductive assumption gives 
{Tx.xY^ipi{2-^^D)R^{au--- ,am) 


< 




0<n2,4<A 


< 


|A|<4<A 
”■3 <4 

Hence we obtain 


m 

||(rv.v)"^«,l|L-}. 


i=iuA* 


(A.2) |(rx.v)''i?J| < .^min^{M^-(^^)((^x.v)^^«^)^IK^^•v)^'«ilU-}• 

r^,|A|<r ’ ’ ji^i 


The same argument leads to the same estimate for R^. 

Finally noticing that 

Sq^-iX{x) = Sq^-iX{x + 2~^fj{t)y) - [ 2~‘ifj{t)y ■ VSq^-iX{x + r2"‘?/j(t)y) dr, 

Jo 

m 

Rq = ^ Rqicni, ■ ■ ■ , Tx-xaj, • • • , am) 
i=i 

m 

qi<q+No j=l 

where Rq is given by 

RY\XSq,.iX,ai,--- ,</Pi(2-‘?iZ))a,v-- ,am) 

= [ [ [ XSq.iX{x + T2-<^fq{t)y) 

Jo J [ 0 , 1 ]™ JR'* 

X (pi{2-W)aj{x + 2-‘ifj{t)y)Y{ ai{x + 2~'^fi{t)y) ■ yfj{t)h{t,y) dydtdr. 

i¥=j 


we write 

(A.3) 


Using the inductive assumption and taking into account the fact that 

\\{Tx.x)>^VSq,.iX\\L^< ^ y < i < k - 1, 

q2<qi-2 



32 


X. LIAO AND P. ZHANG 


we write 

\{Tx.wfR^^\VSq,.iX,ai,--- ■ ■ ,a^)| 

n,^+|A|<€ 

m 

X min TT U^x-w)^^ajU^} 

i=l,--- ,mK ' J.J. j 

m 

< J] ||(Tx.v)^^aillL-} 

n,|A|<t ’ ’ i=ljV* 

I Q/ • 2, ^ 7 

where Oi = < ^Vo-gi nl • — •' used (7.5) and (7.6) in the last step. This 

together with (A.3) and the inductive assumption ensures that that shares the same 
estimate as R^ in (A.2). This completes the proof of Lemma 7.1. □ 

Next let us turn to the proof of Lemma 7.2. 

Proof of Lemma 1.2. The statements concerning the norm || • \\^fx have been proved in Section 
2.2 of [8], Theorem 3.2.2 of [9] and Lemma 2.2 of [25]. We just need to prove the estimates 
for the norm | • . Firstly the Estimate (7.4) follows directly from (7.3). 

• Proof of (7.6) 

In view of Proposition 1.16 and Remark 1.17 of [5], (7.6) holds for 7 = 0. Inductively, let 
us assume that (7.6) holds for 7 < /c — I, we are going to prove this estimate for 7 + 1. Notice 
that 


{Tx.xY^^e{2-m){w) = {Tx.xf[Tx.x-,e{2-^D)]w + {Tx.xfe{2-m){Tx.xw). 

It is easy to observe from the spectral properties to terms of Bony’s decomposition that there 
exist a smooth function 6 with compact support in some annulus of and a fixed integer 
Nq so that 

[Tx.V,e{2-^D)]w= Y [Sq,-iX;e{2-‘iD)]^{2-‘i^D)Ve{2-‘iD)w 

\qi-q\<Ng 

=2^ {Sq^-iX - Sq-iX) ■e{2-^D)ip{2-‘i^D)h{‘2-‘iD)w 

\qi-q\<Ng 

+ 2^[5g_iA; 0(2-'?D)]0i(2-'?T»)tc 

- 2« ^ e{2-‘iD) (- Sq.iX) • (/p(2-«i D)h {2-‘iD)w) 

\qi-q\<Ng 

n n \ n 1 


where 0i(O = *^^(0- 
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It follows form (7.4) and (7.5) that 

|(rx.v)'r^'| < E ^ ||(rx.v)"H^«i-i^-Vi^)IU- 

ni,Xi+\2<£ \qi—<i\<Ne 

^T'1,Ai+A2<€ 

X M^"i^^^\{Txx)^^0i2-^D)ip{2-’i^D)ei{2-^D)w), 

which together with the inductive assumption implies 

(A.4) |(7>.v)^7;^| < 2'?^(^+i-^)MT'-A)((r^,^)A^), 

n^X<i 


Furthermore, there holds 

(2''(^-('+i)‘')(Tx.v)'T,'),2(i,) 

< ^11 (29(-A5)^7(A) 


LP 


(A.5) 


x<e 


LP 


<Y1 (2''(^-^')(Tx.v)^0(2-‘^Z?)u;) 


£2(N) 


x<e 


LP 


^ Hs x ■ 


Whereas by applying (7.6) for A < £ and (7.4), one has 

|(rx.v)%'*| <2^^ 2‘?'5(^-^)M^"iA)((Tx.v)^((5gi-iA-5,_iX)yp(2-‘?iZ))0i(2-''Z))u;)) 

\qi-q\<Ne 
ni ,A<€ 

\qi-q\<Ng,ni<i 

7l2,Al+A2<A<€ 

X M^"1 A)+7n2(A2) ((rx.v)^V(2"‘^^7))01 (2-‘?F))u;). 
Then the Estimates (A.4)-(A.5) also hold for . 

To deal with , let us denote hg 9, then one has 

= 23-? / hg{2<>{x - y)){Sg.iXix) - Sg.iXiy)) • 0i(2-'?Z))u;(y) dy 

4r2 

= f [ hg{z)z ■ XSq-iX{x + {1 — t)2~'^z) ■ 9i{2~'^D)w{x — 2~'^z) dtdz, 

Jr2 Jo 

so that by applying (7.3), we obtain 

|(rx.v)^T2| < ^ 2‘?'5(^-^i-^2)||(Tx.v)^nVVi^)IU-Af^"^^^H(^^-v)^^0'i(2"‘'7?)u;). 

n,Ai+A2<€ 


Yet applying (7.5) yields 

||(rx.v)^nV5,_iY)||i» < 

from which and the inductive assumption, we conclude that the Estimates (A.4)-(A.5) hold 
for Tg as well. 
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Finally note that 

we deduce from the inductive assumption that 

\{Tx.vYe{2-m){Tx.vw)\< ^ and 


n,A<£ 


.-5)-£5) {T^,^fe{2-‘iD){Tx.vw)) 


£2(N) 


LP 


^ I \s,p,t+l 


This proves (7.6) holds for ^ + 1. 

• Proof of (7.7) Without loss of generality, we may assume that suppx C {x : \^\ > M }. 
Then it is easy to observe that there exists a smooth function with compact support in 
some annulus of such that for q > 0 

AgiTx.xYx{D)w = 2^^A,{Tx.xY^xi‘^-^D)w. 

Then we infer 

||(rx.v)'x(D)to||»--«.. = I {2 ’'-'”-"Ia,(Tx.v)A(o)»)p,„ 

{2’<-“lA,(rx,v)Vx(2-‘'0)»)p,„ 


LP 


LP 


< 


< 


(2^(-^5)M((rx.v)Vx(2-^^)a^)),2(N) 

(2<?(-«5)(r;,.v)Vx(2"‘'^)a^) 


LP 


£2(N) 


^ by (7.6). 


And (7.7) follows. 

• Proof of the para-product estimates. Due to the support properties to the Fourier transform 
of the terms in the para-product decomposition, for any integer £, there exists a positive 
integer Ni so that 

AqiTx-vYTyW = Aq ^ {Tx-xYiSqi-l'vAq^w). 

\qi-q\<Ni 

Applying (7.4) gives 

A,(rx.v)'r„u;| < M{{Tx.xYiSq,-ivAq,w)) 

\qi-q\<N 

|gi-i}|<A 

n,Ai+A2<£ 


Yet it follows from (7.5) that 

\\{Tx-vY^Sq^-lv\\L^ < { 


2<?i(-<7+Ai5)||^||^,^ if cj<0, 

||u||l“ if Ai = 0, 
2'?i^i^||u||°’;^ ifAi>0. 
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Therefore, we get, by applying (7.6) that for a < 0 
\\{Tx.sjYT,w\\w.+.-u,, = 

^ Ibll5;x 


LP 


\1<l 

^ II 11 <7,-^ I |S,P,-^ 


£2(N) 


LP 


and 


\\{Tx.v)%w\\w.-,s,, = {2^^^-^^^A,iTx.x)%w) 


e^(N) 


LP 


< 


\l- + IHl'x) E 


\2<e 

^ (IblU- + ll^^llA’Y)klAX^- 


f2(N) 


LP 


This proves (7.9). 

By the same manner, we have for s < 0 




< 

r\j 


Xi<i q2<g+N 

\i<e 


£2(N) 


LP 


£2(N) 


LP 


^ I \S,p,£\\ \\cr,i 

^ \Y 5 Yx lkll5,Y- 


Notice that when for s = 0, one has 

q 2 <q+N 

This yields the second estimate of (7.10). 

To handle the estimate of (7.11), we write 


£2(N) 


LP 


< 

rv-/ 


11^11°,X if > 0’ 

CcllfIln/^’P if -^1 = 0- 


Aq{Tx.vYR{v,w) = Aq E [Tx-vY^qi^^q 

qi>q-N 


from which and (7.5), we infer 


A,(rx.v)'i?(^,^)| < E M((rx.v)'(A,,i;A,,R;)) 

qi>q-N 

qi>q-N 

71,Al 

qi>q-N 

n,\2<i 
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Then we get, by applying (7.6), that 
\\iTx.vYR{v,w)\\ 


n,\ 2 <l qi>q—N 


£2(N)IIlp 




if (Ti + (T2 > 


n,X2<i 

~ ITIU,aI^I5,x • 


This proves (7.11). 

•Proof of (7.12) It is easy to observe that (7.12) holds for i = 0. Inductively we assume that 
(7.12) holds for £ provided that a gJM, 1[ or a ^]£5 — 1,1[ if divX = 0. We next show that 

(A.6) ||(7A.v)^’^^w'|ln/—(«+i)«.p ^ and («+i)«.p ^ 


provided that 


a £]{£ + 1)5, 1[ or a £\{t + 1)5 — 1,1[ if divX = 0. 


It is easy to observe that 


{Tx-wY^^w = {TxxYY^x-w - dx)w + {Tx-xY^xw. 


And by using Bony’s decomposition, one has 

{dx — Tx.x)w =Txw ■ A + R{X,Vw) 

=Txw ■ A + div R{X, w) — R{div A, w). 

Due to cr < 1, applying (7.10) yields 

UTxxYtxw • a||^^._(,+im,, <|rv,. • 

11^115,X 11^115,X • 

Similarly whenever, a > —1 — {£ + 1)5, applying (7.7) and (7.11) leads to 
II (rx.v)^div R{X, in) <|div R{X, 

<|i?(A,n;)|5^^ < kl^;^ IIAII^^^’ . 

The same estimate holds for (Tx.v)^7?(div X, tc) provided that a > {i + 1)5. So that under 
the assumption (A.7), we have 

(A-8) ||(7x.v)^(7x.v - dx)w\\y^a-(t+i)s,p < A||J^^^’^. 

While it follows from inductive assumption, k|^’5^ ^ kkx^’ ^^at 

\\{Tx-xY dxw\\w<^-(^+'^)^’P < \dxw\lj''^'^ ~ \dxw\\lj''‘’'^ < kk.x^"^^- 
This together with (A.8) proves the first estimate of (A.6). 
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By the same manner, using the inductive assumptions and (A.8), we deduce that under 
the condition (A.7), 

~ W^xi^xw - Tx-xw)\\^ia-{t+i)s,v + \\dx'^x-xw\\ lYa-(e+i)s,p 
< \dxw - 


^ I \cj,pl\\ s^wl —51 I I \a,pl+l ^ I \a,pl+l 

^ \M5:x 11^115,y + \M5:x ^ \M5:x ■ 


This proves the second estimate of (A.6). Thus (7.12) follows. This completes the proof of 
Lemma 7.2. □ 
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